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principal investigator. 
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Series No. 7, June, 1965. 
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June, 1965 
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INTRODUCTION 
The f e a s i b i l i t y  o f  s imu l a t i n g  o p e r a t i o n  f o r  des ign  o f  a  wa te r  d i s t r i b u t i o n  
system u s i n g  a  d i g i t a l  computer i s  demonstrated i n  t h e  companion paper by  M. B .  
McPherson and R .  Brasad. ''I* I n  seek ing  optimum o p e r a t i n g  requ i rements  f o r  
t h e  f u t u r e ,  i t  i s  necessary t o  use d e t a i l e d  demand p r o j e c t i o n s  ex tend ing  o ve r  
a number o f  years .  As a p r e l u de  t o  s y n t h e s i z i n g  demand da ta ,  i t  i s  good p rac -  
t i c e  t o  i n v e s t i g a t e  t h e  s t a t i s t i c a l  v a r i a b i l i t y  i n  t h e  o r i g i n a l  data,  Any regu-
l a r i t y  t h a t  i s  d i s cove red  i n  t h e  v a r i a b i l i t y  o f  t h e  o r i g i n a l  da ta  m igh t  t hen  
p r o v i d e  i n s i g h t  i n t o  p r e f e r r e d  methods o f  demand syn thes i s .  
The o b j e c t i v e  o f  t h i s  paper i s  t o  document a s tudy  o f  t h e  d a i l y  demand 
v a r i a b i l i t y  f o r  t h e  wa te r  d i s t r i b u t i o n  systems o f  Champaign-Urbana, i l i i n o i s ,  
Belmont H igh  Se rv i ce  D i s t r i c t ,  P h i l a d e l p h i a ,  Pennsy lvan ia ;  and Denver, Cc lo rado .  
Through t h e  e x c e l l e n t  coope ra t i on  o f  t h e  wa te r  works o f f i c i a l s  o f  these  
t h r e e  systems, records  o f  t h e  h o u r l y  demands were ob ta i ned  f o r  a  twc-year p e r i o d  
(1962-63) f o r  b o t h  Champaign-drbana and Belmont H . S . ,  a ~ drecords  o f  t h e  d a i l y  
demands were ob t a i n ed  f o r  a ten-year  p e r i o d  (1954-1963) f o r  Denver. For t h i s  
s t udy  i t  was dec ided t o  i n v e s t i g a t e  o ~ l y  t he  v a r i a b i l i t y  o f  d a i l y  demands. 
Thus, t h e  h o u r l y  demands p rov i ded  f o r  Cbavpaign-Urbana a ~ dBelrnont b,S.  were 
f i r s t  processed i n  o r d e r  t o  o b t a i n  average d a i l y  demard va lues .  The da ta  then  
a v a i l a b l e  f o r  s tudy  c ons i s t e d  o f  f ou r t een  years  o f  d a i i y  demands: two years  
o f  da ta  f o r  Champaign-Urbana, two years  f o r  B e l m o ~ t  H ,S . ,  and t e n  years  f c s  
Denver. 
* ( ~ e f e r e n c e s  a r e  l i s t e d  a t  end o f  tex t : .  
champaign-Uobana and B e h o n t  H.S,  consume app rox ima te l y  t h e  same amount o f  
wa te r ,  about  10 mgd on  t h e  average. Denver, on t h e  o t h e r  hand, consumes an  
average o f  w e l l  o ve r  100 mgd. Thus t h e  records  o f  two r e l a t i v e l y  sma l l  wa te r  
d i s t r i b u t i o n  systems o f  approx imate ly  t he  same annual  demand and one l a r g e  
wa te r  d i s t r i b u t i o n  system were made a v a i l a b l e  f o r  s tudy .  A l l  da ta  were reduced 
t o  Standard Time. The raw da ta  were used as rece ived ,  w i t h o u t  any ad jus tments  
f o r  s p e c i a l  extremes such as f i r e  demands and ou tages .  
Each o f  t h e  f ou r t een  years  o f  d a i l y  demand da t a  was sub jec ted  t o  t h e  same 
s t a t i s t i c a l  a n a l y s i s .  The 366th day o f  a l e ap  yea r  was purpose ly  de l e t ed  f rom 
t h e  co r respond ing  Denver record  i n  o r d e r  t o  p rese r ve  cons i s t ency  i n  t h e  r eco rd  
l e ng t h s ,  
Fo r  t h e  most p a r t ,  o n l y  t h e  r e s u l t s  of t h e  s t a t i s t i c a l  ana lyses f o r  t h e  
years  1962 and 1963 w i l l  be p resen ted  i n  t h i s  paper .  Th i s  means t h a t  t h e  
s t a t i s t i c a l  r e s u l t s  f o r  t h e  e i g h t  years  o f  Denver da ta ,  1954 t o  1961, w i l l  no t  
be d i s p l a yed .  These s t a t i s t i c a l  da ta  a r e  ~ u r p o s e l y  om i t t e d  because i t  was 
f e l t  t h e i r  i o c l u s i o n  would  o n l y  con fuse  t h e i r  graphical p o r t r a y a l  r a t h e r  than  
c o n t r i b u t e  an y t h i n g  t o  i t ,  p a r t i c u l a r l y  when t h e  graphs a r e  superimpcsed upon 
each o t h e r .  A l l  t e n  yea rs  o f  3enves da ta  w i l l ,  however, be cons ide red  i n  t h e  
d i s cu s s i on  of  he year - to -year  v a r i a t i s n  Za te r  c n  i~ t h e  paper .  I t  m igh t  be 
p o i n t e d  o u t  t h a t  t h e  i n c l u s i c n  o f  ~ N Gyears  o f  s t a t i s t i c a l  r e s u l t s ,  r a t h e r  
than  j u s t  ope years  wo r t h ,  was made i n  o r de r  t o  i n d i c a t e  r e p e a t a b i l i t y  i n  t h e  
d a i l y  wa te r  demand f r om  one year  t o  t h e  nex t  f o r  a p a r t i c u l a r  system. 
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DATA PROCESSING 
I n  genera l ,  s e ve r a l  avenues o f  approach may be  taken t o  ana l yze  da ta  i n  a  
s t a t i s t i c a l  f a s h i o n .  The o b j e c t i v e  i n  such a n a l y s i s ,  o f  course,  i s  t o  o b t a i n  
t hose  s t a t i s t i c s  which a r e  mean ing fu l  and which,  t h e r e f o r e ,  can be c a l l e d  w o n  
t o  g i v e  an adequate d e s c r i p t i o n  o f  t h e  process f r om  which t h e  da ta  a r e  e x t r a c t e d .  
As many s t a t i s t i c a l  techn iques were a p p l i e d  t o  t h e  da ta  as t ime  would  pe r -  
m i t .  Because t h e r e  i s  an a lmost  end less number o f  ways o f  man i pu l a t i n g  t h e  
da ta ,  no a t t emp t  was made t o  exhaust a l l  p o s s i b i l i t i e s ,  However, t h e  da ta  were 
s ub j e c t ed  t o  s e ve r a l  w e l l - e s t a b l i s h e d  s t a t i s t i c a l  o pe r a t i o n s ,  such as sample 
average and s t anda rd  d e v i a t i o n  e va l ua t i o n ,  a n a l y s i s  o f  va r iance ,  harmonic ana-
l y s i s ,  a u t o c o r r e l a t i o n  c o e f f i c i e n t  e va l ua t i o n ,  and s p e c t r a l  a n a l y s i s .  
Needless t o  say, t h e  a p p l i c a t i o n  o f  such techn iques  t o  f o u r t e e n  years  
wo r t h  o f  d a i l y  demand da t a  i nvo l ves  a t r eme~dous  number o f  computat ions.  As a 
consequence, i t  would be  v i r t u a l l y  imposs i b l e  t o  accompl ish t h e  work w i t h o u t  
u t i l i z i n g  a  high-speed d i g i t a l  computeT. The TBM 7094-1401 da ta  p rocess i ng  
system o f  t h e  U n i v e r s i t y  o f  I l l i n o i s  was used t o  execu te  t h e  v a r i o u s  computa- 
t i o n  ope r a t i o n s  requ i  red f o r  t h e  s t a t i s t i c a l  processes.  
Except f o r  t h e  harmonic a n a l y s i s ,  a l l  da ta  p rocess i ng  was f a c i l i t a t e d  by 
u s i n g  a s p e c i a l  package o f  programs, c a l l e d  SSUPAC, '21 prepared by t h e  S t a t i s -  
t i c a l  Se r v i c e  U n i t  o f  t h e  U n i v e r s i t y  o f  I l l i n o i s  and r e s i d i n g  permanent ly  i n  
t h e  D i s k  Storage F i l e  o f  t h e  computer system, The harmonic a n a l y s i s  was exe-
cu ted  by u s i n g  a s p e c i a l  program l o c a t e d  i n  t h e  s ub r ou t i n e  l i b r a r y  o f  t h e  com-
p u t e r n s  master  system. Programs o f  t h i s  t ype  a r e  ir! f a i r l y  common usage 
th roughou t  t h e  coun t r y .  
Much more s t a t i s t i c a l  i n f o rma t i o n  was p rov i ded  by t h e  computer programs 
t h a ~was used f o r  t h e  i n v e s t i g a t i o n  desc r i bed  i n  t h i s  paper .  I n  o r d e r  t o  g i v e  
some i dea  o f  t h e  magni tude o f  t h e  amount o f  i n f o rma t i o n  produced by t h e  com-
pu t e r ,  o ve r  3000 sheets  o f  o u t p u t  were generated i n  t h e  da ta  r e d u c t i o n  process.  
DA ILY  AND WEEKLY AVERAGES 
Be f o r e  c ons i de r i n g  t h e  more i nvo l ved  techn iques  o f  harmonic a n a l y s i s ,  
a u t o c o r r e l a t i o n  c o e f f i c i e n t  e v a l u a t i o n  and s p e c t r a l  a n a l y s i s ,  i t  would  be ap- 
p r o p r i a t e  t o  de s c r i b e  t h e  v a r i a t i o n  i n  t h e  d a i l y  demands by u s i n g  s imp le  a r i t h -  
me t i c  averages. The d a i l y  demand da ta  were f i r s t  man ipu l a t ed  i n t o  a  rec tangu-
l a r  a r r a y  c o n s i s t i n g  o f  7 columns (one column f o r  each day o f  t h e  week) and 52 
rows (one row f o r  each week o f  t h e  y e a r ) .  The 365 th  day o f  t h e  yea r  necessar i  l y  
was  n o t  i n c l uded  i n  t h e  a r r a y .  The d a i l y  demand f o r  each day o f  t h e  week, aver -
aged o ve r  t he  whol,e year ,  and t h e  average d a i l y  demand f o r  each week o f  t h e  
year  were then computed, 
The day-to-day v a r i a t i o n s  i n  t h e  average d a i l y  demand o ve r  a l l  52  weeks 
a r e  g i v en  i n  F i g u r e  1. For  Champaign-Urbana i t  i s  apparen t  f r om  F i g u r e  1 t h a t  
a l t hough  t h e  i e v e l  o f  demand inc reases  f r om  1962 t o  1963, t h e  shape o f  t he  
average demand cu r ve  remains t h e  same. I t  would appear t h a t  a f a i r l y  cons tan t  
demand i s  ma in ta i ned  th roughou t  t h e  weekdays, ~ h e r e a s  t h e r e  i s  a  l owe r i n g  o f  
demand on t h e  weekends. For  Belmont H .S .  t h e r e  i s  p r a c t i c a l l y  no v a r i a t i o n  
a t  a l l  f r om  one day t o  t h e  nex t .  However, t h e  change i n  t h e  demand l e v e l  f r om  
1962 t o  1963 i s  e s s e c t i a l l y  t h e  same (about 1 mgd) f o r  Belmont H.S.as t h a t  f o r  
Champaign-Urbana. For  Denver, t h e r e  i s  v i r t u a l l y  no change i n  t h e  day-to-day 
demand l e v e l  f rom 1962 t o  1963, except  f o r  F r i d a y  and Saturday.  For  b o t h  years  

C 
t h e r e  i s  a d i s t i n c t  decrease i n  t h e  demand on Sunday w i t h  r espec t  t o  t h e  o t he r  
days. The records o f  t h e  o t h e r  e i g h t  years  f o r  Denver have a s i m i l a r  decrease. 
The week-to-week v a r i a t i o n s  i D t h e  average da i  l y  demand ove r  t h e  yeas a r e  
g i v en  i n  F i g u r e  2. I t  i s  e v i d en t  t h a t  t h e r e  i s  l e s s  r e g u l a r i t y  i n  t h e  week-to- 
week v a r i a t i o n s  than  t h e r e  i s  i n  t he  day-to-day v a r i a t i o n s .  Th i s  m igh t  w e l l  be 
expected because t h e  day-to-day v a r i a t i o n s  r e f l e c t  e s s e n t i a l l y  t h e  week ly  c y c l e  
o f  h a b i t s  o f  a community, whereas t h e  week-to-week v a r i a t i o n s  a r i s e  f r om  e x t e r -  
n a l  condi  t ions,  such as changes i n  a  i r temperature ,  wh ich  can be ve r y  i r regu-
l a r .  I t  shou ld  a l s o  be  remembered t h a t  t h e  va lues  i n  F i g u r e  1  r ep resen t  aver-
ages o f  52  d a i l y  demands, w h i l e  t h e  va lues i n  F i g u r e  2  r ep resen t  averages o f  
o n l y  7 d a i l y  demands. The l a r g e r  sample s i z e  w i l l  t end  t o  produce sma l l e r  
v a r i a t i o n  I n  t h e  sample average. Month-to-moat+ curves would  undoubted ly  ex-
h i b i t  g r e a t e r  r e g u l a r i t y  t han  t h e  week-tc-deck curves ,  
I f  any t h i n g  o f  s i g n i f i c a n c e  can be i n t e r p r e t e d  f r om  F i g u r e  2 ?  i t  i s  t h e  
r a t h e r  overwhelming ev idence  t h a t  Denver uses nuah more wa te r  i n  t h e  summer 
than  i t  does I n  t h e  w i n t e r  compared w t h  t h e  o t h e r  two systems, The wa te r  de-
mand between t h e  46 t h  week ;rnid-~o.iernber; c f  one year  and t h e  12 t h  week ( l a t e  
~ a r c h j  o f  t he  f e l l o w i n g  year  remains unusua I l y  cons tan t  and a t  a ve ry  low l e v e l .  
Beg inn ing  a t  t h e  12 t h  week: t h e r e  i s  a d i s t i n c t  upward t r e n d  i n  t h e  wa te r  de-
mand u n t i i  about t h e  26 th  o r  27 th  xeek ( e a r l y  ~ u l y )  when t h e  demand i s  a t  l e a s t  
t h r e e  t imes  t h a t  o f  w i n t e r t ime .  Frcm t h e  27 th  week t o  t h e  46 t h  week, t h e  de- 
m a ~ d  dec l i n e s  t o  t h e  w i n t e r  l e v e l .  Th i s  c h a r a c t e r i s t i c  c f  t h e  Denver v a r i a t i o n  
i s  t y p i c a l  o f  t h s  o t h e r  e i g h t  years .  
- - 
Champaign-Urbana 
Week of the Year 
Belmont H. S. 
Week of the Year320r 
Denver 
Week of the Year 
FIG. 2 WEEK -TO -WEEK VARIATION 
1 
For  Champaign-Urbana and Belmont H.S .  t h e r e  i s  a  h i g h e r  demand i n  t h e  sum-
mer t ime  t h a n  i n  t h e  w i ~ t e r t i m e ,  a l t h o u g h  t h e  change i s  n o t  n e a r l y  as d r a m a t i c  
as t h a t  f o r  Denver, The u n u s u a l l y  low va lues f o r  t h e  24.th, 25 th ,  and 2 6 t h  
weeks o f  t h e  1962 r e c o r d  o f  Be.lmont H.S. would  seem t o  be abnormal, and may be 
n o t h i n g  more t h a n  t h e  r e s u l t  o f  a d a t a  t r a n s m i s s i o n - l o g g i n g  m a l f u n c t i o n .  
Whether o r  n o t  t h e r e  i s  any s t a t i s t i c a l  s i g n i f i c a n c e  t o  t h e  day-to-day 
and week-to-week v a r i a t i o n s  p o r t  rayed in F i gu res 1  and 2 bears  cons id e r a t  i o n ,  
I n  o r d e r  t o  t e s t  t h e  s t a t i s t i c a l  s i g n i f i c a n c e ,  t h e  techn ique  o f  a n a l y s i s  o f  
va r i ance C31'41 was employed. V a r i a n c e - i s  s i m p l y  a  measure o f  t h e  d e v i a t i o n  o f  
t h e  observed v a l u e  f r o m  t h e  mean. A n a l y s i s  o f  v a r i a n c e  b reaks  down t h e  t o t a l  
v a r i a n c e  o f  a sample o f  da ta  i n t o  a number o f  cornponent v a r i a p c e s  w i t h  t h e  
purpose o f  i n d i c a t i n g  how d i f f e r e n t  sources o f  v a r i a b i l i t y  c o n t r i b u t e  t o  t h e  
o v e r a l l  v a r i a b i l i t y  o f  t h e  data .  
Three  sources o f  v a r i a b i l i t y  were cons idered:  t h e  l o c a t i o n  o f  t h e  p a r t i c u -  
l a r  day w i t h i n  t h e  week, t h e  l o c a t i o n  o f  t h e  p a r t i c u l a r  heek w i t h i n  t h e  year ,  
and a random e r r o r  component. The t o t a l  demand ( Y . . )  f o r  a p a r t i c u l a r  day 
' J 
i 
i n  a p a r t i c u l a r  week. j o f  t h e  yeas may than be regarded as t h e  sun? sf  f o u r  
components : 
-
where = o v e r a l l  average demand f o r  t h e  e n t  i r e  year  
a. = d e v i a t i o n  f r o m 7  o f  t h e  average demand f o r  t h e  i t h  day o f  t h e  week 
I 
b = d e v i a t i o n  f r o m 7  o f  t h e  average demand f o r  t h e  j t h w e e k o f  t h e  year  j 

e i j = random e r r o r  component f o r  t h e  i t h  day i n  t h e  j t h  week. 

There may e x i s t  some doubt as t o  t h e  wisdom o f  a p p l y i n g  an a n a l y s i s  o f  
v a r i a n c e  here  i n  v iew o f  t h e  f a c t  t h a t  t h e  da ta  a r e  no t  s t a t i s t i c a l l y  indepen-
den t .  The re fo re ,  t h e  s t a t i s t i c s  so  ob ta i ned  shou ld  be i n t e r p r e t e d  c a u t i o u s l y .  
The f i r s t  o b j e c t i v e  o f  t h e  a n a l y s i s  o f  var i .ance i s  to  t e s t  whether o r  n o t  
a .  and b a r e  each s i g n i f i c a n t l y  d i f f e r e n t  f r om  ze r o  f o r  each yeas o-f demand 
I j 
da ta ,  P e r t i n e n t  r e s u l t s  o f  t h e  a n a l y s i s  a r e  presented i n  Tab le  1. The s i g n i -  
f i c a n c e  o f  a  p a r t i c u l a r  v a r i a t i c n  i s  measured by i t s  F  r a t i o  w i t h  due cons i de ra -  
t i o n  f o r  t h e  assoc i a t ed  number o f  degrees o f  freedom. L i m i t i n g  va lues f o r  t h e  
F r a t i o  can be taken f r om  any s t a t i s t i c a l  t a b l e  o f  t h e  F s t a t i s t i c .  T e s t i n g  
was a t  t h e  1% l e v e l  o f  s i g n i f i c a n c e .  For  t h e  v a r i a t i o n  between t h e  days o f  t h e  
week, t h e  t h e o r e t i c a l  upper l i m i t  i s  F = 2.87 ( f o r  6 degrees o f  freedom i n  
numerator  and 306 degrees o f  f reedom i n  denominator ) .  Fo r  t h e  v a r i a t i o n  be- 
tween t h e  weeks o f  t h e  yea r ,  t h e  co r respond ing  t h e o r e t i c a l  upper l i m i t  i s  F = 
1.60 ( f o r  51 degrees o f  freedom i n  numerator and 306 degrees o f  freedom i n  t h e  
denom ina to r j .  Any F  r a t i o  g r e a t e r  t han  these l i m i t i n g  va lues  i n d i c a t e s  s t a -
t i s t i c a l  s i g n i f i c a n c e  i n  t h e  v a r i a t i o n  be i ng  t e s t ed ,  
The F r a t i o s  i n  Tab le  1 i n d i c a t e  s i g n i f i c a n c e  i n  a19 v a r i a t i o n s  excep t  
t h e  v a r i a t i o n  i n  t h e  Belmont H.S. demands between t h e  days o f  t h e  week. I n  
o t h e r  words,  c o n s i d e r a t i o n  o f  day-to-day v a r i a t i o n  i n  t h e  Belmont H.S. system 
i s  n o t  w a r r a ~ t e d .  Th i s  l a c k  o f  v a r i a t i o n ,  o f  course,  was a l r e ady  e v i d en t  i n  
F i g u r e  1. 
HARMONIC ANALYSTS 
PI
A l i s t  o f  va lues o f  a v a r i a t e  acco rd i ng  t o  t ime  i s  known as a t ime  s e r i e s .  
Each r e co r d  o f  d a i l y  demand da ta  i s ,  t he re fo re ,  a t ime  s e r i e s ,  I t  i s  assumed 
TABLE Z 
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Between Days o f  Week 
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Random Error  
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Random Error  
Between Days o f  Week 
Between Weeks 
t h a t  each t i m e  s e r i e s  i n v e s t i g a t e d  i n  t h i s  s t u d y  i s  s t a t i o n a r y ;  t h a t  i s ,  t h e  
s t a t i s t i c a l  p r o p e r t i e s  remain c o n s t a n t  th roughou t  t h e  e n t i r e  s e r i e s  i n v o l v e d .  
An i m p o r t a n t  i t e m  t o  be cons ide red  i n  t h e  a n a l y s i s  o f  a t i m e  s e r i e s  i s  a 
search  f o r  p e r i o d i c i t y .  P e r i o d i c i t y  may be s i m p l e ;  t h a t  i s  t o  say,  i t  may be 
m a t h e m a t i c a l l y  desc r ibed  by a  s i n g l e  s i n e  cu rve .  I f  t h e  p e r i o d  o f  t h i s  s i n e  
c u r v e  equa ls  t h e  t o t a l  p e r i o d  i n v e s t i g a t e d  (one year ,  i n  t h e  cases a t  hand),  
thef l  t h i s  c u r v e  comprises what i s  known as t h e  fundamental  o r  f i r s t  harmonic,  
G e n e r a l l y ,  more harmonics than  t h e  f i r s t  a r e  requ i red t o  d e s c r i b e  p e r i o d i c i t y .  
The second harmonic  has a p e r i o d  equa l  t o  one-ha. l f  t h e  fundamenta l ,  t h e  t h i r d  
harmonic  has a p e r i o d  equal  t o  o n e - t h i r d  t h e  fundamenta l ,  and so on.  A t  most, 
N /2  harmonics a r e  r e q u i  red t o  genera te  a c u r v e  t h a t  w i l l  pass th rough  N d i s -
c r e t e  p o i n t s .  Thus, f o r  a t i m e  s e r i e s  c o n s i s t i n g  o f  365 d a i l y  demands, a t  
mst 182 h a ~ m o n i c sa r e  r e q u j r e d  t o  s a t i s f y  t h e  d a t a .  
Each d a i l y  demand v a l u e  Y t = 1, 2, . . . , 365 can then be  g i v e n  by t h e  t '  
f o l l o w i n g  f u l l  s e r i e s :  
b

= v +  
1821 (Ak cos m t k  + B k  s i n  h t k )  
t 
k= l 
-
where Y = o v e r a l l  average d a i l y  demand f o r  t h e  y e a r  
k = harmoni c  number 
w = -2rr rad ians  
365 
A and B a r e  cons tan ts  a s s o c i a t e d  w i t h  t h e  k t h  harmonic.  k k 

I f  C k  = ~ m p l i t u d eo f  t h e  k t h  harmonic,  and 

Dk  = phase a n g l e  ( p o i n t  o f  change f r o m  a p o s i t v e  v a l u e  t o  a  n e g a t i v e  
v a l u e j  o f  t h e  k t h  harmonic i n  r a d i a n s ,  i t  can be shown t h a t  
*k
and t a n  D = -. 
Bk  
Y may then be g i v en  by t h e  f o l l o w i n g  exp ress i on :  
t 182 
-
7 
Y ~ = Y +  (ck  s i n  ( o t k  -I-D ~ ) )L 
k=1 
The de t e rm i na t i o n  o f  t he  cons tan t s  A  and Bk ,  and hence C and Dk, f o r  ak k 
g i v e n  t ime  s e r i e s  i s  known as harmonic a n a l y s i s .  I t  can be shown t h a t  
and 
B - - 1 Y t  s i n  o k t .  k - 365 
I n  a d d i t i o n  t o  e v a l u a t i n g  A  k ' B k ,  C k  and Dk '  t h e  d i g i t a l  computer was p ro -
grammed t o  de te rm ine  t h e  r e s i d u a l  e r r o r  f o r  each day i n  t h e  t ime  s e r i e s  a f t e r  
t h e  i n t r o d u c t i o n  o f  each success ive  harmonic .  The root  mean square res idua:  
( t h e  square r o o t  o f  t h e  mean o f  t h e  squares o f  t h e  r e s i d u a l s )  was a l s o  de t e r -  
mined a f t e r  t h e  i n t r o d u c t i o n  o f ; . e a c h  harmonic.  A f t e r  t h e  182nd harmonic i s  
i n t r o duced ,  a l l  r e s i d u a l  e r r o r s  must be  z e r o  and t h e  da ta  p rocess i  ng . . te rm in -  
a t e s .  
I n  F i g u r e  3 ,  t h e  amp l i tudes  Ck  o f  a l l  182 harmonics a r e  p l o t t e d  f o r  1962 
and 1963, Champa i gn-Urbana. 
For bo t h  years  t h e  amp l i t ude  o f  t h e  f i r s t  harmonic i s  t h e  ou t s t and i ng  one, 
i n d i c a t i n g  t h e  annual  c y c l e  o f  v a r i a t i o n .  The amp l i t ude  o f  t he  t h i r d  harmonic 
i s  a l s o  q u i t e  l a r g e  f o r  1963, b u t  n o t  f o r  1962. Two o t h e r  harmonics o f  s i z e a b l e  

amp1 i tude.  f o r  b o t h  years  a r e  t he  11 t h  and 13 t h .  However, t h e  most i n t e r e s t i n g  
harmonics a r e  t h e  52nd, 104th ,  and 156 th .  Fo r  b o t h  1962 and 1963, these  l a t t e r  
t h r e e  harmonics  r i s e  w e l l  above t h e  genera l  l e v e l .  T h i s  r e f l e c t s  a  d i s t i n c t  
weekly c y c l e  i n  t h e  r eco rds ;  t h e  52nd harmonic  has a  one-week pe r i o d ,  t h e  104 th  
harmonic has a  one-ha l f -week pe r i o d ,  and t h e  156 th  harmonic  has a  one- th i rd -week  
pe r i o d .  T h i s  c o r r o bo r a t e s  t he  l a r g e  F r a t i o s  i n  Tab le  1  f o r  t h e  v a r i a t i o n  be- 
tween t h e  days o f  t h e  week f o r  Champaign-Urbana. 
The amp l i t udes  o f  a l l  harmonics f o r  each o f  t h e  yea r s  1962 and 1963 f o r  Be l -
rnont H . S .  a r e  p l o t t e d  i n  F i g u r e  4.  L i t t l e  s i m i l a r i t y  between t h e  two years  i s  
e v i d en t ,  As a  ma t t e r  o f  f a c t ,  t h e  second harmonic o f  t h e  1963 r eco rd  i s  t h e  p re -  
dominant one o f  t h e  yea r ,  whereas t h e  second harmonic o f  t h e  1962 r eco rd  i s  q u i t e  
i nconsp icuous .  Somewhat i n t e r e s t i n g  i n  t h e  1962 da ta  a r e  t h e  p e r s i s t e n t l y  l a r g e r  
amp l i t udes  o f  t h e  e i g h t  odd harmonics i n  t h e  f i r s t  16 harmonics  ove r  t h e  e i g h t  
even ha rmor i cs . 
F i g u r e  5 shows t h e  amp l i t udes  o f  a l l  h a s ~ o n i c s  f a r  Denver f o r  1962 and 1963. 
The s t r i k i n g  f e a t u r e  about  t h e  Denver da ta  i s  t h e  unusua;2y l a r g e  v a l u e  f o r  t h e  
amp l i t ude  o f  t h e  f i r s t  harmonic .  T h i s  harmonic  i s  a l e a s t  3$ t imes l a r g e r  than 
the  ne x t  l a r g e s t  harmonic ,  and i s  about  20 t imes  l a r g e r  t han  tkie average o r d e r  
o f  rzagn i tude o f  a l l  o t h e r  harmonics .  T h i s ,  o f  course,  i ~ d i c a t e sa dec ided  an-
nua l  c y c l e  i n  t h e  Denver dema~d  da ta ,  a c y c l e  wh ich  has a l r e ady  been c l e z r l y  d i s -  
p layed  i n  F i g u r e  2 .  The 26 th  harmonic f o r  1962 i s  r e l a t i v e i y  l a r g e ,  i n d i c a t i n g  
f o r  t h a t  y ea r  a t  l e a s t ,  a b iweek l y  o s c i l l a t i n g  p a t t e r n .  The saw t o c t h  c o ~ f i g u r a -  
t i o n  f o r  t h e  suvmer p o r t i o n  o f  t h e  1962 Denver r eco rd  i n  F i g u r e  2 a l s o  i l l u s t r a t e s  
t h i s  o s c i  l i a t i  ng f e a t u r e .  Not i ce ,  however, t h a t  t h e  w i z t e r  p o r t  i o n  o f  t b e  1962 
Denver r e c o r d  is devo i d  o f  t h i s  o s c i l l a t i n g  f e z t u r e ,  T h i s  means t h a t  t b e r e  e x i s t s  


ano the r  harmonic  wh ich  i s  i n  phase w i t h  t h e  26 th  harmonic  d u r i n g  t h e  summertime, 
p roduc i ng  t h e  saw t o o t h  e f f e c t ,  b u t  wh i ch  i s  o u t  o f  phase w i t h  t h e  26 t h  harmonic  
d u r i n g  t h e  w i n t e r t i m e  w h e ~  i t  produces a smooth r e co r d .  The o t h e r  harmonic  must ,  
by t h e  ve r y  n a t u r e  o f  t h e  e f f e c t ,  be a  ne ighbor  o f  t h e  26 t h  harmonic  and have a  
phase ang l e  about  n r ad i ans  d i f f e r e n t  f r om  t h a t  o f  t h e  26 th  harmonic .  I t  so 
happens t h a t  t h e  25 th  harmonic i s  a l s o  q u i t e  l a r g e  and has a phase a n g l e  d i f -  
f e r e n t  f c ~ mt h a t  o f  t h e  26 t h  harmonic  by  3.20 r a d i a ~ s .  
There  i s  some ev idence  o f  a  week ly  c y c l e  i n  t h e  Denver da ta .  The ev idence  
i s  i n  t h e  f o rm  o f  peaks a t  o r  n e x t  t o  t h e  52nd and 156 th  harmonics  o f  t h e  1962 
reco rd ,  and a t  o r  n e x t  t o  t h e  52nd, 104 th ,  and 156 th  harmonics o f  t h e  1963 
r eco rd .  ( ~ u c h  s t r o nge r  ev idence  o f  a  week ly  c y c l e  appears i n  t h e  1956 Denver 
r eco rd .  For t h a t  r eco rd ,  n o t  shown here ,  t h e r e  a r e  v e r y  e v i d e n t  peaks a t  o r  
nex t  t o  t h e  52nd, 104th ,  and 156 th  harmonics .  Perhaps t h e  week ly  h a b i t s  o f  t h e  
Denver community changed between 1956 and 1962.. A t  l e a s t ,  t h e  s t a t i s t i c a l  da ta  
would seem t o  bear  t h i s  o u t . )  
To c c ~ c i u d e  t h i s  s e c t i o ~ ,  i t  m i gh t  be i n t e r e s t i n g  t o  i n v e s t i g a t e  t h e  iv -
provervent a f f o r d e d  by each ba rmo r i c  i n  t h e  f i t  OF t he  ma t hema t i c a l l y  g e ~ e r a t e d  
cu r ve  t c  t h e  o r i g i s a l  da ta .  I n  F i g u r e s  6 3nd  7 a r e  p : o t t ed  t h e  r o o t  mean square 
(square r o o t  o f  t h e  mean o f  t h e  squares)  o f  :he r e s i d u a l s  a f t e r  each succsss i ve  
harmonic has been i n t r oduced .  F i g u r e  6 d i s p l a y s  t h e  p l o t t e d  da ta  f o r  Champaign-
Urbana and Belmont E . S . ,  and F i g u r e  7 d i s p l a y s  t h a t  f o r  Denver.  
The r o o t  meag square o f  t h e  r e s i d u a l s  n e c e s s a r i l y  must be a d e c r e a s i n g  
f u n c t i o n  w i t h  r espec t  t o  t he  harmonic  number. A sha rp  drop i n  t h e  f u n c t i o n  
i n d i c a t e s  a s i g n i f i c a n t  improvement i n  t h e  f i t  o f  t h e  mathemat i ca l  c u r v e  t o  t h e  
o r i g i n a l  d a t a  p rov i ded  by t h e  harmonic a t  wh ich t h e  d rop  takes  p l a ce .  Th i s  i s  
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Harmonic Number 
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bu t  ano the r  way o f  p o i n t i n g  o u t  t h e  s i g n i f i c a n c e  o f  c e r t a i n  harmonics,  i n  
a d d i t i o n  t o  d raw ing  . . .a t t e n t i o n  t o  t h e  s i ~ i l a r i t y  betv~een two d i f f e r e n t  y e a r s g  
wo r t h  o f  d a t a  taken  f rom t h e  same system. 
The cu rves  i n  F i g u r e  6  f o r  Champaign-Urbana perhaps p o i n t  o u t  t h e  s i m i -  
l a r i t y  betdeen d i f f e r e n t  years  most e f f e c t i v e l y .  Indeed, i f  t h e  1963 va lues  
were r&ced-hy lo%, t h e  percen tage  by which t h e  average 1963 d a i l y  demand ex- 
ceeded i t s  1962 c o u n t e r p a r t ?  t h e r e  would  be an unusua l l y  good correspondence 
between t h e  two curves.  The ab r up t  changes i n  each cu r ve  a t  t h e  52nd, 104th ,  
and 156 th  harmonic aga in  g r a p h i c a l l y  r e v e a l  t h e  e x i s t e n ce  of  a  week ly  c y c l e .  
The cu rves  f o r  Belmont H,S. d i s p l a y  no p a r t i c u l a r  s i g n i f i c a n c e  i n  any 
harmonic b5yond t h e  15 th .  P a r t i c u l a r l y  ir! t h e  1.963 record ,  i t  would  seem t h a t  
every  harmonic i n  t h e  e n t i r e  s e r i e s ,  excep t  ?erha?s t h e  2nd, 3rd, ,and 5 t h  
harmonics,  c o n t r i b u t e s  an equa l  share  i n  f i t t i n g  r h e  da ta .  Fo r  1962, t h e  f i r s t  
15 harmonics t a ke  c a r e  o f  o ve r  5 0 k f  t h e  v a r i a t i c r r .  The lower  s t a r t i n g  p o i n t  
f o r  t h e  1963 curve,  p a r t i c u i a r l y  i n  v i ew  c f  t he  f a c t  t h a t  t h e  average 1963 
d a i l y  demand exceeds t h e  average 1962 d a i l y  demand by 10%, i n d i c a t e s  t h a t  
t h e r e  i s  l e s s  v a r i a t i o n  i~ t h e  1963 da ta  i h s n  t h z r e  i s  i n  t h e  1962 data ,  
The curves f o r  Devver i n  F i g u r e  7 sl-.;w. once more t h e  major  c o n t r i b u t i o n  
o f  t h e  f i r s t  harmonic.  A f t e r  f i t r i r g  t h e  f i r s t  t o  t h e  data ,  t h eh a r ~ o ~ i c  soot  
mean square o f  t h e  r e s i d ua l s  i s  seduced t o  about 60% o f  i t s  i n i t i a l  v a l u e  f o r  
1963, and t o  about 56% cf i t s  i ~ i t i a lv a l u e  f o r  1962. The s i g ~ i f i c a n t  changes 
i n  t h e  1963 cu r ve  a t  t h e  4 t h  and 5 t h  harmonics i n d i c a t e  t h e i r  impo r t an t  c o n t r i -  
b u t i o n s  i~ f i t t i ~ g  t h e  da ta ;  t h e  same can be s a i d  f o r  t h e  2nd harmonic o f  t he  
1962 da ta .  The improvement made by t h e  f i r s t  f i v e  harmonics i s  a lmost  i d e m l c a l  
f o r  b o t h  y e a r s .  For  1962, t h e  f i r s t  f i v e  harmonics reduced t h e  r o o t  mean square  
o f  t h e  r e s i d u a l s  t o  50% o f  i t s  i n i t i a l  va lue ,  and f o r  1963 t o  49% o f  i t s  i n i t i a l  
v a l u e ;  t h a t  i s ,  i n  b o t h  Denver cases, t h e  f i r s t  f i v e  harmonics t a k e  c a r e  o f  one-
h a l f  t h e  v a r i a t i o n  i n  t h e  o r i g i n a l  data .  Changes i n  t h e  curves a t  t h e  52nd, 
104th ,  and 156 th  harmonics a g a i n  r e f l e c t  some k i n d  o f  weekly c y c l e  i n  t h e  d a i l y  
demands. 
AUTOCORRELATION AN3 SPECTRAL ANALYSIS 
The graphs e x h i b i t e d  i n  F i g u r e s  3, 4, and 5 p r o v i d e  some idea  o f  t h e  con- 
t r i b u t i o n s  b e i n g  made by t h e  i n d i v i d u a l  harmonics t o  t h e  o v e r a l l  v a r i a t i o n  i n  
t h e  t i m e  s e r i e s  o f  demand da ta .  I n  f a c t ,  a s i m p l e  r e l a t i o n s h i p  e x i s t s  between 
t h e  a m p l i t u d e  o f  a  harmonic and i t s  c o n t r i b u t i o n  t o  t h e  v a r i a n c e  o f  t h e  da ta .  
T h i s  r -e la t . j onsh ip  i s :  [41 
where V. = c o n t r i b u t i o n  o f  t h e  k t h  harmonic t o  t h e  v a r i a n c e  
k 

C k  = a m p l i t u d e  o f  t h e  k t h  harmonic.  

A  p l o t  o f  Vk  versus k  may then  be cons ide red  as a  sample o f  t h e  spect rum 
of  c o n t r i b u t i o n s  o f  a19 harmonics,  o r  f requenc ies ,  t o  t h e  t o t a l  v a r i a n c e  o f  t h e  
t i m e  s e r i e s .  U n f o r t u n a t e l y ,  when t h e  Vk a r e  p l o t t e d  f o r  a l l  harmonics,  t h e  
p o i n t s  s c a t t e r  w i d e l y .  A  s i m i l a r  b u t  l e s s  emphai ic  s c a t t e r  p a t t e r n  i s  g i v e n  by 
t h e  Ck, as ev idenced in  F i g u r e s  3 ,  4, and 5. The s c a t t e r i n g  a r i s e s  f r o m  t h e  f a c t  
t h a t  t h e  harmoni cs a r e  b e i n g  computed f rom a  random sample o f  da ta ,  a sampie 
t h a t  i s  s u b j e c t  t o  s t a t i s t i c a l  f l u c t u a t i o n .  What i s  r e a l l y  sought  i n  t h e  a n a l y -  
s i s  o f  t h e  t imes  s e r i e s  i s  t h e  u n d e r l y i n g  smooth spectrum o f  f r e q u e n c i e s  wh ich  
d e s c r i b e s  t h e  process p r o d u c i n g  t h e  t i m e  s e r i e s  i n  t h e  f i r s t  p l a c e .  
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I t  i s  p o s s i b l e  t o  es t ima te  t h e  unde r l y i ng  smooth spectrum by app l y i ng  some 
a l g e b r a i c  smoothing process t o  t he  s e r i e s  o f  V va lues.  However, t h e  p r e f e r r e d  k 
techn ique  o f  e s t ima t i n g  t he  smooth spectrum i s  t h a t  o f  s p e c t r a l  ana l y s i s .  
The technique o f  s p e c t r a l  a n a l y s i s  i s  based upon a u t o c o r r e l a t i o n  f unc t i o ns .  
The a u t o c o r r e l a t i o n  o f  a t ime s e r i e s  means c o r r e l a t i o n  o f  t h e  t ime se r i e s  w i t h  
i t s e l f ;  t h a t  i s ,  t h e  c o r r e l a t i o n  o f  a t ime se r i e s  w i t h  t he  same t ime  s e r i e s  an 
i n t e r v a l  o f  t ime  l a t e r .  Thus, t h e  a u t o c o r r e l a t i o n  o f  t h e  t ime s e r i e s  Y t = 1,
t '  
. . . . ., 365 means t he  c o r r e l a t i o n  o f  t h e  va lues Y 
t 
w i t h  those o f  Y t+p ' t = 1, 
. . .  . . ., 365-p where t he  q u a n t i t y  p i s  known as t he  l a g .  
I f  t h e  demand data a r e  f i r s t  norma l i zed  by deduc t ing  t he  mean and d i v i d i n g  
by t h e  s tandard dev i a t i o n ,  then  t h e  a u t o c o r r e l a t i o n  c o e f f i c i e n t ,  des ignated r 
P '  
can be eva lua ted  us ing  t he  express ion :  I--51 
where Zt i s  t h e  normal ized form o f  Y and N i s  t h e  number o f  po i n t s  i n  t h e  t 
s e r i e s  (N  = 365 f o r  t h e  cases a t  hand). 
L i k e  t he  usua l  c o r r e l a t i o n  c o e f f i c i e n t ,  t h e  a u t o c o r r e l a t i o n  c o e f f i c i e n t  
ganges between +! 2nd -1. N=tusal!y, t h e  c ~ r r e l a t - i o n  c~efficientf=r p = 0 
must be 91, I f  t he  a u t o c o r r e l a t i o n  c o e f f i c i e n t  ma in ta ins  a r e l a t i v e l y  h i gh  
p o s i t i v e  va lue  as t he  l a g  increases,  then t he  da ta  possess t he  p r ope r t y  of per -
s i s t ence ;  t h a t  i s ;  a h i gh  demand one day leads t o  a h i gh  demand t he  nex t  day o r  
s eve r a l  days, o r  v i ce -versa ,  The c o e f f i c i e n t  may e ven t ua l l y  become nega t i ve  
a f t e r  a c e r t a i n  l a g  pe r i od ,  Th is  means t h a t  t he  data i s  tend ing  t o  ba lance o u t ;  
t h a t  i s ,  a h i gh  demand over  one p e r i o d  o f  t ime w i l l  be f o l l owed  by a  p e r i o d  o f  
low demand. 
The p l o t  o f  t h e  a u t o c o r r e l a t i o n  c o e f f i c i e n t  r w i t h  respec t  t o  t h e  l a g  p
P 
i s  c a l l e d  a cor re lograrn,  L41 F i g u r e 8  shows co r re log rams f o r  t h e  years  1962 
and 1963 f o r  Champaign-Urbana, Belmont H A and Denver. 
O f  t h e  t h r e e  systems, Champaign-Urbana has t h e  most i n t e r e s t i n g  c o r r e l o -  
grams. The i 962  co r re l og ram takes  t he  f o rm  o f  a  g e n t l e  cu r ve  s t a r t i n g  a t  0.7 
f o r  p = 0 and dec reas ing  t o  a  cons tan t  l e v e l  o f  0.2 f o r  a l l  p  g r ea t e r  t han  15, 
upon wh i ch  a r e  superposed peaks o f  h e i g h t  0.3 a t  each i n t e r v a l  o f  7 l ags ,  
b eg i nn i ng  w i t h  p  = 0 .  The peaks themselves a r e  a lmost  i d e n t i c a l  i n  shape and 
a r e  v e r y  symmet r i ca l .  The 7 - l a g  i n t e r v a l  i s ,  o f  course,  i n d i c a t i v e  o f  t h e  
week ly  demand c y c l e ;  b u t  t h e  o t h e r  r e g u l a r  f e a t u r e s  o f  t h e  co r re log ram a r e  
d i f f i c u l t  t o  e x p l a i n .  
The 1963 Champaign-Urbana co r re l og ram takes  on a  f o rm  s i m i l a r  t o  t h e  1962 
co r re l og ram,  The apexes o f  t h e  peaks a r e  about  a t  t h e  same l e v e l  as those  o f  
t h e  1963 graph, b u t  t h e  base l e v e l  o f  t h e  cu r ve  i s  much h i g he r  and r a p i d l y  
approaches ze ro  a t  p = 34.. 
The Belmont 3.S. co r re log rams appear t o  be q u i t e  d i f f e r e n t ,  so d i f f e r e n t  
I n  f a c t ,  t h 3 t  I t  ISd i f f i c u l t  t o  b e l i e v e  t h a t  they  a r e  de r i v ed  from samples o f  
presumably t h e  same t ime  s e r i e s .  I t  i s  a l k e l y  t h a t  t h i s  d i s p a r i t y  a r i s e s  f r om  
t h e  abnorma l l y  l ow  demands f o r  t h e  24 t h ,  25 th ,  and 2 6 t h  weeks o f  1962 (see 
F i g u r e  2 ) .  Th i s  anornoly i n  t h e  1962 reco rd  i s  so pronounced t h a t  i t  c ou l d  
s t r o n g l y  a f f e c t  t h e  s t a t i s t i c a l  i n f o rma t i o n  d e r i v e d  f r om  i t .  
The Denver co r re log rams match r e l a t i v e l y  wel.1. The 1963 co r re log ram i s  
a reasonably  smooth cu r ve  w i t h  a  g e n t l e  change i n  s l o p e a t  about  p = 4. The 
1962 c u r ve  i s  wav i e r  than t h e  1963 cu rve ,  f a i n t l y  i n d i c a t i n g  a  weekly p e r i o d .  
0.8k 6 1963Z Champaign -Urbana 
Belmont H.S. 
Denver 
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Autocorrelation may be expressed not only in terms of the autocorrelation 
coefficient i- but also in terms of the autocovariance function W . The auto- 
P P 
covariance function is defined by [5I 
where the symbols used are as defined previously, It follows that 

2 .
where S I S  the sample variance. 
The spectral density of a discrete valued time series can be estimated 
by applying a finite Fourier series transformation to the autocovariance func- 
tion, In simples terms, this means that an estimate of the spectral density is 
obtained by applying a harmonic analysis to the set of autocovariance values, 
WC, W1' . . . . , WN, where M is the maximum value of the lag p. M is ordin- 
arily chcsen as not over 10% of N. '51 M = 34 was selected. 
Raw estimates L of the spectral density are obtained using the follcwing 
P 
express ion 

L = W 0 i 2  y Nq coi -qPn  4- w cos pfl.
P kZ M 
q= i  
Smoothing of these raw values is accomplished by using the following weighted 
movi ng average 
= L 1  andLMi-I = LM_ l ) .  
For  a more d e t a i l e d  d i scuss ion  o f  t h e  above express ions see [ 5 ]  Thorough d i s -
cuss ion  o f  s p e c t r a l  ana l y s i s  may be found i n  [6 ]  and [ 7 ]  . 
The smooth spectrum i s  then formed by p l o t t i n g  t he  U va lues  and passin.9.  
P 
a smocth cu rve  t h r ~ u g hthem by sye, F i g u r e  9 shows t he  smooth spec t r a  f o r  
Champaign-Urbana, Beimont H.S.,  and Denver formed i n  t h i s  manner. The area 
under each curve  w i t h i n  a  p r e sc r i bed  i n t e r v a l  i s  t o  be i n t e r p r e t e d  as  t he  con-
t r i b u t i o n  o f  t h e  f requenc ies  i n  t h a t  i n t e r v a l  t o  t h e  o v e r a l l  va r i ance  o f  t h e  
t ime  se r i e s .  A l l  va lues U and Ul a r e  ext remely  h igh ,  be ing  w e l l  o f f  t h e  p l o t -  0 
t i n g  range. Th i s  f e a t u r e  emphasizes t he  major  c o n t r i b u t i o n  o f  t h e  low f r e -  
quency harmonics t o  t h e  o v e r a i l  v a r i a t i o n  o f  t he  data.  
I n  F i g u r e  9  t h e  weekly c y c l e  o f  t h e  Champaign-Urbana data i s  again w e l l  
de f i ned .  The weekly p e r i o d i c i t y  cen te rs  about 9.7 cyc les/68 days (1 cyc le /  
7 days),  t h e  semi-weekly p e r i o d i c i r y  cen te rs  about 19.4 cyc les/68 days 
(2  cyc ies /7  days),  and t he  th ree- t imes  weekly p e r i o d i c i t y  cen te rs  about 29.1 
cyc les/68 days (3 cyc les /7  days) .  
T'he B e l m o ~ t  H .S .  spec t ra  do no t  c o i n c i de  very  w e l l ,  p a r t i c u l a r l y  a r -ou~d  
7 cyc ies /b$  days. Th is  l a c k  o f  agreement i s  perhaps another  man i f e s t a t i o n  o f  
t h e  l a r g e  anomoly i n  t he  o r i g i n a l  1962 data.  
The Denver spec t ra  a l s o  do not agree as we l l  as  t he  Champaign-Srbana 
spec t ra .  Never the less,  a weekly c y c l e  i s  r n i l d i y  revealed.  
I n  s e t t i n g  up a model f o r  s i m u l a t i o ! ~purposes, t h e  s p e c t r a l  dens i t y  func-  
t i o n  i s  p robab ly  one o f  t h e  bes t  t h i ngs  t o  use, I t  can be employed t o  s e l e c t  
Champaign-Urbona 
Cycles/68 Days41-
Belmont H.S. 
Denver 
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those  f requenc ies  which c o n t r i b u t e  most t o  t he  v a r i a t i o n  i n  t he  d i s t r i b u t i o n  
demand and which, t h e r e f o r e ,  generate an au t hen t i c  r ep r e sen t a t i o n  o f  the under- 
l y i n g  process, 
Y EAR-TO-Y EAR "VARIAKP9NS 
The t en  years o f  Denver data p r o v i de  a  s u b s t a n t i a l  q u a n t i t y  o f  i n f o rma t i on  
which can be pu t  t o  good use i n  a n a l y s i n g - t h e  v a r i a t i o n  i n  t he  d i s t r i b u t i o n  de- 
mand o f  a system f rom year  t o  year .  Ce r t a i n  parameters, o r  more c o r r e c t l y ,  t h e  
s t a t i s t i c a l  est imates o f  these parameters,  were se lec ted  and p l o t t e d  on a  y e a r l y  
bas i s  f o r  t h e  t e n  years 1954 t o  1963. The parameters se lec ted  were t he  average 
d a i l y  demand f o r  each year ,  t h e  s tandard d e v i a t i o n  o f  t h e  da ta  f o r  each year ,  
t h e  ampl i tudes o f  t he  f i r s t  and second harmonics, and t he  phase angles o f  t h e  
f i r s t  and second ha rmon i cs . 
F i g u r e  10(a) i s  a p l o t  o f  t h e  average d a i l y  demand f o r  each year .  I t  i s  
obv ious t h a t  t h e r e  i s  a decided upward t r end  i n  t he  wate r  demand f o r  Denver 
w i t h  respec t  t o  t ime.  F i g u r e  10(b) i s  a p l o t  o f  t h e  s tandard d e v i a t i o n  f o r  
each year ,  Th is  t oo  has a decided upward t rend,  which leads one t o  be1 i eve 
t h a t  a h i ghe r  degree of v a r i a t i o n  i s  assoc ia ted  w i t h  a h i ghe r  l e v e l  o f  demand. 
The r a t i o s  o f  t h e  s tandard dev i a t i o ns  t o  t h e i r  cor responding average d a i l y  de- 
mands a r e  p i o t t e d  i n  F i gu r e  1 0 ( r ) .  A  sma l l  upward t r end  appears t o  e x i s t  i n  
these r a t i o s ;  however, i f  a l i n e a r  regress ion  l i n e  were f i t t e d  t o  these p l o t t e d  
data,  i t  i s  d oub t f u l  t h a t  t h e  s l ope  o f  the  l i n e  would be s t a t i s t i c a l l y  s i g n i -  
f i c a n t .  A r a t i o  o f  about 0.5 does, o f  course, i n d i c a t e  an ex t reme ly  h i gh  de- 
g ree  o f  v a r i a t i o n  i n  t he  d i s t r i b u t i o n  demand, c on f i rm i ng  p rev ious  evidence f o r  
t h e  Denver data.  
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F i g u r e  10(d) d i s p l a y s  t h e  v a r i a t i o n  i n  t h e  amp l i tudes  o f  t he  f i r s t  and se- 
cond harmonics f rom year  t o  yea r .  Because t h e  f i r s t  harmonic i s  by f a r  t h e  
dominant one f o r  Denver, i t  i s  t o  be expected t h a t  i n  a d d i t i o n  t o  b e i n g  ve r y  
i a r g e  i t s  amp l i t ude  wi1 . l  i n c rease  as t h e  l e v e l  o f  v a r i a t i o n  inc reases .  There-
f o r e ,  i t  e x h i b i t s  a p a t t e r n  ve r y  s i m i l a r  t o  t h a t  f o r  t h e  s t anda rd  d e v i a t i o n .  
The amp l i t u de  o f  t h e  second harmonic,  on t h e  o t h e r  hand, i s  much sma l l e r  t han  
t h a t  o f  t h e  f i r s t  harmonic, and i t s  p a t t e r n  does n o t  resemble t h a t  o f  t h e  
s t anda rd  d e v i a t i o n  a t  a l L  I n  F i g u r e  l 0 j e )  a r e  p l o t t e d  t h e  r a t i o s  o f  t h e  
amp l i t udes  o f  t h e  f i r s t  and second harrnozics t o  t h e  co r respond ing  average 
d a i l y  demands r epec t , i v e l y .  
F i g u r e  IO j f )  shows t h e  v a s i a r i o n  i n  t h e  2hase angles o f  t h e  f i r s t  and 
second harmonics f r om  year  t o  yea r .  The s i g n i f i c a n t  f e a t u r e  d i s p i a y e d  by t h i s  
graph is  t he  constancy o f  t h e  phase ang l e  f o r  t h e  f i r s t  harmonic.  T h i s  means 
t h a t  T ~ Pzzro  p o i n t  o f  t h e  f i r s t  harmonic occurs  a t  j u s t  about  t h e  same t ime  
o f  t h e  y ea r ,  year  a f t e r  yeas, 3 t  a b o ~ t  the  37 t h  week. Indeed, i f  a13 t e n  years  
c f  t h e  Denver demand da ta  were s t r u n g  our  l n t o  one l o n g  10-ye3r s e r i e s ,  i t  
sbou id  be p o s s i b l e  t o  o b t a i n  a  remarkable  f i t  t o  these  da ta  w i t h  a simpls mathe-
ma t i c a l  cu r ve  o f  t h e  form: 
where t i s  The number o f  t b e  day i n  t h - ;G-year pe r iod ,and  Y ( t h e  average d a i l y  
Th i s  model d i f f e r s  cons idesab ly  f r om  t h a t  used f o r  ~ a t u r a H  h y d r o i o g i c  da ta  
demand) and C: ( t h e  amp l i t ude  o f  t h e  f i r s t  harrnonic;are l i n e a r  f u n c t i o n s  o f  t .  
1 
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such as f o r  s t ream f l ow ,  where f u t u r e  c o n d i t i c n s  a r e  ~ r o j e c t e d  on t h e  assunp- 
t i o n  t h a t  t h e  process i s  comp le te l y  random h i t h o u t  t r e ~ d ,  
CONCLUDING REMARKS 
A number o f  s t a t i s t i c a l  techn iques  were used t o  ana lyze  t h e  v a r i a b i l i t y  
i n  t h e  d a i l y  demands o f  t h r e e  wa t e r  d i s t r i b u t i o n  systems w i t h  t h e  o b j e c t i v e  o f  
d i s c l o s i n g  r e g u l a r i t y  i n  t h e  demand da ta .  The wa te r  d i s t r i b u t i o n  systems s t u d i e d  
were Champaign-Usbana, I l l i n o i s ;  Belmont H igh  Se rv i ce  D i s t r i c t ,  Ph i l a de l ph i a ,  
Pennsy lvan ia ;  and Denver, Colorado. The s t a t i s t i c a l  ev idence was d i s p l a yed  i n  
v a r i o u s  forms such as graphs o f  s imp l e  averages, harmonic amp l i tudes ,  c o r r e l o -
grams, and s p e c t r a l  d e n s i t i e s .  
D e f i n i t e  annual  and weekly c y c l e s  were found t o  e x i s t .  The most pronounced 
annual  c y c l e  was t h a t  f o r  Denver, and t h e  most pronounced weekly c y c l e  was t h a t  
f o r  Champaign-Urbana. Other f e a t u r e s  were a l s o  e x h i b i t e d .  
By no means does t h i s  s tudy  exhaust  a l l  avenues o f  i n v e s t i g a t i o n  o f  t h e  
observed da ta .  I t  i s  ve ry  l i k e l y  t h a t  o t h e r  i tems o f  r e g u l a r i t y  c ou l d  be d i s -  
covered u s i n g  o t h e r  techn iques .  However, i t  i s  f e l t  t h a t  t h e r e  i s  s u b s t a n t i a l  
ev idence  f r om  t h i s  i n v e s t i g a t i o n  t o  j u s t i f y  c ons i de r a t i o n  o f  d e t e r m i n i s t i c  con-
t e n t  when f o rm u l a t i n g  a  mathemat i ca l  model o f  t h e  d i s t r i b u t i o n  demand o f  a  sys-
+- - rnrt-;n f e a t u r e s  ~f r e g u l a r i t y  seem t o  be assocY a ted  w i t h  a p a r t i c u l a rL C I I I .  LG a  
d i s t r i b u t i o n  system. Indeed, a s i m u l a t i o n  model which ignores  these f e a t u r e s  
would  p robab l y  be inadequate t o  de s c r i b e  t h e  unde r l y i n g  process p roduc i ng  t h e  
demand da ta ,  
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The two years o f  Belmont H.S. D i s t r i c t  h o u r l y  demand data were supp l i e d  
through t h e  cour tesy  o f  Commissioner S o  S o  Baxter ,  by M r .  J. V. Radziu l ,  R & 
D U n i t  Ch ie f ,  Ph i l a de l ph i a  Water Department, Copies o f  Load Con t ro l  Center 
l o g  sheets  were prov ided,  f rom which cards were punched d i r e c t l y .  
The two years o f  Champaign-Urbana hou r l y  demand data were ob ta i ned  
through t h e  cour tesy  o f  M r .  E. R. Healy, V ice Pres. and Mgs., and M r .  R. S. 
Sb i e r r y ,  D i s t r i b u t i o n  Super in tendent ,  Nor thern  I l l i n o i s  Water Corp., Champaign, 
I l l i n o i s ,  Hour ly  r a t e s  f rom ope ra t i n g  logs  o f  t h e  two t rea tment  p l a n t s  and 
h ou r l y  records  of water  l e v e l s  f o r  t h e  t h r e e  e qua l i z i n g  s to rage  tanks were re -
duced t o  h o u r l y  demands by p r o j e c t  personnel ,  Messrs. R. K. Rai and N. Chaudhari, 
and then punched on cards.  
The t e n  years of Denver d a i l y  demand da ta  were supp l i ed  through t h e  cour-
t esy  o f  M r ,  R, 8 .  qcRae, Chief  Engineer,  by  M r ,  R.  C .  McWhinnie, Hyd rau l i c  
Eng ineer?  Board o f  Water Commissioners, Denver, Colorado. Cards were punched 
d i r e c t l y  f rom demand l i s t i n g s  p rov ided ,  
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